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Abstract 

We study the behavior of differential forms in a manifold having at least one of their maximal isotropic 
local distributions endowed with the special algebraic property of being decomposable. We show that 
they can be represented as the sum of a form with constant coefficients and one that vanishes whenever 
contracted with vector fields in the former distribution, provided some simple integrability conditions 
are ensured. We also classify possible 'canonical coordinates' for a certain class of forms with potential 
applications in classical field theory. 

Introduction 

The importance of the study of maximal isotropic (local) distributions with respect to a (n+l)-difFerential 
form w on a manifold P relies, at least but not last, in its connection with a covariant and finite dimensional 
approach to the classical theory of fields started with de Bonder ( [2]) and Weyl ( [1]). The existence of 
a special kind of such a distribution ensures that there are canonical coordinates (x^ ,qi,p,p^) in which 
Lo locally emulates a preexisting canonical form fig ( [3,4])), described by the formula 

f^o = dq' A dpf A d"x^ - dp A d''x , (1) 

where c?"a; = dx^A ... Ada;" and d"a;^ ~ \q d"a;. The local description of JIq given by equation ([T]) 
permits the association of this geometric object to the dc Bonder- Weyl equations in field theory ( [5-7]). 

As a generalization of [3,4], this paper is devoted to the study of differential forms on a manifold 
P with local isotropic and decomposable distributions associated to them, that is, we shall consider a 
general (n + l)-form on a manifold P that at each point p of P admits a subspace Lp of TpP having 
the following algebraic properties: 

(i) It is maximal isotropic with respect to ajp-. 

yv,ueLp i„A«Wp = 0, (2) 
and Lp is maximal in TpP with this property. 

(ii) It is decomposable with respect to ujp: Lp has a basis {vi, . . . ,Vm} satisfying 

iy. ojp is a decomposable 7i-form for each i = 1, . . . , m. (3) 
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The main goal of this article is to show that whenever L is an integrable distribution, we can represent 
to locally as a sum 

W^Vljr+UJjr (4) 

where ^ is a local foliation in P such that TP = L® TT, ujjr is the restriction of w to and can be 
represented by coordinates preserving the decomposition TP = L © TT and in which its coefficients are 
constant, provided it is closed. As its main application we determine a necessary and sufficient condition 
to the existence of 'canonical coordinates' for differential forms. As a special case, we determine when it 
is possible to find coordinates like the ones in equation ([1]). 

The principal novelties presented here are: 

• The entire study is made in the general context of a manifold, different from ( [3,4]), where fiber 
bundles are used from the beginning. 

• The approach given here to characterize a differential form lo which has canonical coordinates 
{x^^, qi,p,Pi) just fike ^ is extended naturally, and with no extra effort, to include the degenerate 
case given by the restriction of uj to any submanifold characterized by the relations 

dq^ = , dp'^ = , for some indexes i,k, ^ . (5) 

Under the existence of these constraints lu is dccribcd by 

w = ^ dq' A dp't A d"a;^ - dpt. d"x , (6) 

where / is the subset of indexes that exclude those appearing in the constraints ([5|) . 

• The term 'w^r' in the r.h.s. of equation ([4]) is new and appears as a "horizontal" obstruction to 
describe lo with coordinates in which it has constant coefficients. It might be possible that, under 
certain conditions, it describes the analog of a background electromagnetic field coupled to the 
classical fields, as in ( [8]), where we have to add a 'horizontal pertubation' n* luf to the form f2o, 
the last one being the canonical form ([T]), 

LU = flo + TT* UJf , (7) 

to get the right description of a bosonic string in a background electromagnetic field. In this example 
TT is a surjective map and F is the electromagnetic field strength. 

We proceed as follows: in section [T] we review some basic algebraic concepts. In section [2] we go 
further in multilinear algebra and derive the key results that will be of fundamental importance later. 
In section [3] we start the differential geometric description and prove our main theorem before we show 
how to translate our results to fibered manifolds. In the last section we work with examples, showing 
that differential forms with maximal isotropic and decomposable distributions arc quite general, although 
they do not seem to be generic. 

1 Basic definitions in the Grassmann Algebra 

Let be a finite dimensional vector space and F* its dual. Fixing the notation, if 5* C i^* is any subset, 
then the subspace defined by 

S-^:^{veF\ i„a = Va G S*} (8) 

is the annihilator of the set S. 
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For a n-form /3 on i^,i.e., (3 € A" F* , we define the contraction map by 

: F K'-' F* P\v):=i,(3, (9) 
its kernel to be tlie subspace of F given by 

keTP:^{veF\ i„/3 = 0} (10) 
and its support to be tfic subspace of F* given by 

S'/j^Pl't'^ I 5'isasubspaceof F* and/3G A"5'}, (11) 
which is well defined, since the wedge product has the property 

A"^inA"52 = A"(5in52) (12) 

for any subspaces Si, S2 of F* . Hence, 8/3 is the smallest subspace of F* such that (3 S A" S/j. One can 
verify that ( [3,4]) 

S^ = kcT(3 and S fj ^ [kcr l3)^ . (13) 

Therefore 

dim F = dim 5^ + dim ker /? . (14) 
When P has a trivial kernel we say that it is non-degenerate, which is equivalent to say that = F* . 
Pick a basis » = {e\ . . . , e"+^} of F*, put 

/3 = e'^A . . . AC*" , (15) 

and define i<s{P) to be the length of (3 with respect to 05, that is, 

^B(/3)=#{i'e3^^| a.,...,„^0}, (16) 

where we use the notation 

= (ii,. .. ,i„) I l<ii... <i„<n + N} n + N = diiaF. (17) 

The length of /3 is the minimum of the relative lengths among all possible basis, i.e., 

^ mini^iP) . (18) 

We say that p is decomposable if0£(/3) < 1. If ^(/3) = 1, there is a L.l. set {a^, . . . , a"} such that 

/S^^a^A ...Aa" (19) 

This set forms a basis for Sp. Therefore, for any /3 ^ 0, dim 5/3 = n if, and only if, /3 is decomposable 
(For additional information on decomposable elements see [9]). 

2 Maximal Isotropic Decomposable Subspaces 

Let be a finite dimensional vector space, L a subspace of W, uj a {n + l)-form on W and k an integer 
satisfying < fc < n. The fc-orthogonal complement of L in with respect to u! is the subspace of 
W given by 

L"'*^' ^ {veW I i„i„^ . . . i„^uj = for all wi, . . . , Ufc e L } . (20) 
In the case fc = we have L"'" = kercj. The subspace L is said to be, with respect to oj, 



1 Trivially, l(/3) = implies /3 = 0. 
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(i) /s-isotropic when L C L'^''^. For fc = 1 we say just isotropic; 

(ii) strict A:-isotropic if it is /c-isotropic but not (fc — l)-isotropic ; 

(iii) maximal fc-isotropic if it is fc-isotropic and not a proper subspace of another fc-isotropic subspace; 
Note that 

L is maximal fc-isotropic => kcroj C i , (21) 
for. in this case, we have that kercj + L is fc-isotropic, and so. kera; + L C i by the maximality condition. 
A vector v G W is decomposable with respect to cu if 

i^cj e A" W* is decomposable. (22) 

We say that a subspace L is decomposable with respect to oj if there is a basis for L made of decom- 
posable vectors, with respect to uj. 

Any subspace spanned by {ei, . . . , Ck}, with k < n, is fc-isotropic (and strict fc-isotropic if 1,.^ . . . ic^t^ ^ 
0). Therefore, maximal fc-isotropic subspaces always exist, but are not necessarily decomposable if n > 1. 
When fc = n = 1 and uj is non-degenerate, maximal isotropic subspaces are called Lagrangian and they 
always admit a complementary maximal isotropic subspace, which is lagrangian as well. Extending this 
result for forms of any degree: 

Theorem 1 

Let L and V be subspaces ofW such that L C V , L is maximal isotropic decomposable and V is r -isotropic 
with respect to a (n + I )-form lu on W . There is a n-isotropic subspace F such that 

W = L®F (FnV) ® L^V (23) 

and F nV is (r — 1 )-isotropic. 
Proof: 

Assume that u is non-degenerate, i.e., kero; — 0. This proof is by induction on m + I — dimL. Pick 
a decomposable basis {vq, ...,«„} for L and a 1-form ao S W* such that ao{vi) = 6^. There are 1-forms 
u^, . . . , u" G such that 

1 r? 
lt,„LJ = U A . . . A U , 

with at least {n — r +1) of them in V^, since L C V and V is r-isotropic. Define Li = LO ker ao, which 
is generated by {vi, . . . , and the {n + l)-form ivi 

(jj = uii + ao AU^ A . . . Au" . (24) 
Take any subspaceH Fi = (ui, . . . , Uk) C kerao, such that 

(i) ker wi = (ui, . . . , Ms) © (wq) , s < fc ; 

(ii) i«iA...AufcU^A . . . Au" 7^ ; 

(in) lin^ s then i„,+iA ...a tt^^i <^ /\L^ : 

^Notation: "("i , ■ ■ ■ , Mfe)" is the subspace spanned by the L.I. set {ui , . . . , uj,}. 
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Such a nontrivial (fc > 1) subspace Fi always exists. For k < n maximal satisfying such properties, we 
shall prove that k = n. If n ~ s, it is trivial. If s < ^ < there is a vector Ufc+i G kcr(Q;o A u^a . . . au'^) 
such that 

by the property (iii) and the fact that L is isotropic. Applying the same reasoning recursively, we get 
k = n. Therefore, 

e K'L^ =^ iuUJi = . (25) 

for each u £ Fi. 

Define Wi = ker(ao A u^a . . .Alt'*), where we are assuming that Fi = (ui, . . . has the first s 
vectors, together with vq, composing the kernel of wi and u^{ui) = 51. Note that oji is non-degenerate 
in Wi and Li C Wi is isotropic and decomposable w.r.t. wi, since Li = {vi, . . . ,Vm)- To see that Li is 
maximal isotropic w.r.t. ui in Wi, let e = ei + m G Wi be written according to the decomposition 

Wi=E®U U ^ {us+i, . . . ,Un) S = kcr(ao A M^A . . . Au") 

with ei ^ Li. By the maximal 1-isotropy of L w.r.t. u in W, there are vectors 62, . . . e„ G Wi and v G Li 
such that 

w(w,ei, . . . ,e„) = uji{v,ei, . . . ,e„) = 1 

Furthermore, noticing that the annihilator of L is generated by the 1-forms ii,'A e^A ...a e' ^1, with 
62, . . . G W/L and w' G i, we can assume that 

U!{v,u,e2, . . . ,e„) = uji{v,u,e2, . . . ,e„) = . 

Therefore, 

iei+uo-i ^ A"i^ (26) 

So, if e = ei + u G Wi is such that 

ieA tiWl = 

for all V G Li, then ei G Li, and by (|25p . w = 0. In other words, Li is maximal isotropic w.r.t. uji in W^i, 
implying that it is maximal isotropic decomposable w.r.t coi. By the induction hypothesis, let F' C Wi 
be n-isotropic w.r.t. loi and complementary to Li in Wi. Then F = (wi, . . . , u^) (3 F' is n-isotropic w.r.t. 
uj and complementary to L in VF. Furthermore, F n F n Wi is (?- — l)-isotropic, and so is n V. 

□ 

An useful lemma that also helps understanding the content of a maximal isotropic decomposable 
subspace is given bellow. 

Lemma 1 Let L be a maximal isotropic decomposable subspace with respect to a (n + 1 )-form lu on W , 
and /i , . . . , /„ vectors in W such that 

i/lA...A/„t^ ^ 

Then there are 1-forms . . . , /" such that f^{fi) = S{ and /^a . . . a/" G ui^{L). 

Proof: Since 1/^^ ...^ /„ijJ ^ L^, there is a w-decomposable vector v E L such that a;(u, /i, . . . , /„) = 1. 
Since it, Lo is decomposable, its kernel has codimension n in W , and therefore we can write 

W = (/i,...,/„)©keri„w. 

This implies that for . . . , /" G (ker i^ uj)-^ such that f^{fi) — 51 we have i„ w = /^a . . . a /". □ 
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Let L be a maximal isotropic decomposable subspace and F a complementary 71-isotropic subspace 
in W, both with respect to uj. Pick any basis *Bi? = {f^, . . . , fpf^^} ^ ^'^d define the number of 
non-vanishing indexes of 58f with respect to uj : 

0T(»f) = #3'»- where S'S- = { ? e 3^^+^ | i/,^ ^ ...^ /,_^a; ^ 0} (27) 

and is given by (fTT]) . Let *8 = {ei, . . . , e™, /i, . . . , /jv+n} be a basis of W adapted to the decom- 

position dS]), that is, {ei, . . . ,e™} is a basis of i and «Bf C and let «8* = {e\ . . . ,e™,/\ . . . ,/'^+"} 
be its dual. Hence 

^= E «?ArA...Ars a.eF^^L*, (28) 

where for each i £ 3®^, is a non-trivial linear combination of the 1-forms e^,. . . ,e™. Therefore, 

«n(<BF) ^03 (w) , which implies OICBf) > ^(w) ■ (29) 

where ^b(w) is the length of lo with respect to *B, defined by formula p6p . Taking the minimum among 
all possible basis of F, we can define the number □ 

O^L = min m{^F) - dim(L/kcrcj) > . (30) 

It is not difficult to check that TIl docs not depend on the choice of the complementary n-isotropic 
subspace. 

Theorem 2 

Let L, F and V be subspace,^ ofW satisfying the relations in theorem\J\ with respect to uj £ A" W* , and 
suppose that OTl = 0, which is equivalent to 

dim{L/kcTLu) ^ e{uj) . (31) 

There is a basis for F adapted to V, with <B|, = {e\ . . . , e^+"} its unique dual in , and a L.I. 
set |ej^ , . . . , | in F"*- such that 

to ^ e,A e'^A ...A e'" (32) 

where 9'^*' is given by equation |^7p . Each term e*^A ... a e*" in equation f3S\) vanishes when contracted 
with r vectors in V . 

Proof: Take a basis for F with #3®^ = dimi — dimkerw, which exists since = 0. Define 

= Icij A ...A ei„^ 

Using the hypothesis on the dimension of L/kcruj, the n-isotropy of F and the the 1-isotropy of L, it is 
easy to check that they form a basis for (L/kerw)* and that equation ([5^ holds. Relation (PTjl follows 
from the formula (l32l). □ 



'The conclusion "?rti^ > 0" follows from formula 12811 . 
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3 Maximal Isotropic Decomposable Distributions 



3.1 Mciximal Isotropic Decomposable Distributions and Flatness 

Let Lu G be a (n + l)-diffcrcntial form on a manifold P. Wc say that it is flat if, around each 

point of P, there is a coordinate representation in which it has constant coefficients, that is, 

d 

Lo = uji, i , , dx*^ A . . . A (ia;*"+^ and 7-— Wi, ^ , , = , for each i, ii, (33) 

A distribution L on P is maximal isotropic decomposable with respect to lu if it is pointwise 
maximal isotropic decomposable with respect to lj. 

Theorem 3 (Principal Part of uo) 

If L is a maximal isotropic decomposable distribution with respect to lo, then for any differential form 
Soj e fi"+i(P), we have 

Slu^{L) =0 => L is maximal isotropic decomposable with respect to lu + 5lu . (34) 
Therefore, L defines a class of forms admitting it as a maximal isotropic decomposable distribution, 

[lo]l = {lo + Slu I duj\L)=0} (35) 
which we will call the principal part of uj with respect to L. 

Proof: To check this, note that L is isotropic and decomposable with respect to lu + Slu, and if m is a 
vector fields on P such that i„At)('^ + ~ for every v g L,we have 

iuAvUJ ^ iuAvi^^ + Siu) ^ , (36) 

for every v € L, implying that u ^ L, since L is maximal isotropic with respect to lo. Then, L is also 
maximal isotropic with respect to 10 + Slo. □ 

Theorem 4 (Flatness) 

Let LO S f2""'"^(P) satisfies the regular condition of constant dimension of the kernel distribution. If L is a 
maximal isotropic decomposable distribution, then for each foliation T such that TP = TT © L, we have 
that 

?Ljr = UJ - UJjr ^[Uj\i^ (37) 

where LOjr is the restriction of lu to J- , defines a representation of the principal part of lu and admits TJ- 
as a n-isotropic distribution. If L is integrable, then 

fljr is closed if, and only if, it is flat. 

Moreover, a coordinate system for P on which Qjr has constant coefficients can be chosen to be adapted 
3 to the decomposition TP = TT © L. 

Proof: 

Since the character of this theorem is local, we will avoid to use the label "local", keeping in mind 
that there is no need for global constructions here. Hence, we will assume that P = X L, is a vector 
space where L is a subspace identified with the maximal isotropic decomposable distribution and X a 

''That is, cordinates (x, y) such that TJ^ is given by = and L hy dx = 0. 
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subspace such that X x {y} are the leaves of the foUation which is always possible since L and TT 
are simultaneously integrable (see appendix E|- Moreover, since the distribution L is maximal isotropic 
decomposable with respect to fijr (see lemma[3]), we can prove the theorem for the case lu = fijp, that is, 
ujjr — 0. Therefore the foliation J- will be, just in this case, n-isotropic with respect to lj. 

Let loq be the constant form obtained by spreading u){pq), the value of lj at the origin po — (0, 0), all 
over the vector space X ® L. Clearly, the distribution L is maximal isotropic decomposable with respect 
to Wo- 

Lemma 2 In a small neighborhood of the origin, ^\){L) = lJ'{L). 

Proof: The vector fields {/^ := form a basis for the n-isotropic distribution TJ^. Define the 

1-forms 

:= i/^,iA...A/^„w "°i...^„ := am-A',.(Po) = i/,,iA...A/,,„wo (38) 

By continuity, there is a small neighborhood of the origin where we have that aj^^ 7^ implies 
Q^/ii...Ai„ 7^ 0, that is, for each point p in this neighborhood 

(il, tJo)(l'lA . . . AU„) ^ ^ {lyUj){viA . . . AVn) ^ (39) 

for any vectors ui,...,i;„ e TpJ^ and v £ Lp. This implies that the annihilators satisfy {(^^{Lp))-^ C 
(uj^oiLp))-^, therefore t^J^(£p) C uj^{Lp). Since dimkerw is constant by hypothesis and L is integrable, 
dim w^(L) = dimL/ kerw must be constant, and so, there must exist a small neighborhood where uJ^iL) = 
co\L). 

□ 



Lemma 3 3 6 ,60 £uJ^{L) : lu ^ dO ujq ^ dOo 

Proof: Analogously to the "canonical" proof of Poincarc lemma, define the "L-contraction" <i>t(x, y) 
{x,ty), for each teR. Denote its time dependent vector field by ^t, that is. 



Ct($t(x,y)) = -^$,(x,y) 



^t{x,y) = i-i(0,y). (40) 



ds 

Although the vector field have a singularity at t = 0, the forms 

9t = ($t)*(i5,c.) (41) 

are well defined for every t G M. Since G L, we have i^tcj G '^^^(i), that is, 6t G 'jJ^(-^)- Defining the 
ri-form 

dt Ot , (42) 

it is clear that 9 G ij-'^(i). Moreover, since = , $1 = /d_p, and ($o)*('^) = 0, the last relation 
following by the n-isotropy of TT, we have 

de^f dt i^tYdii^^Lj) = f dt{<^t)*{L^u)=j dt ^{{<^trLj) = UJ. 

Jo Jo Jo 

We can apply the theorem for ljq, and since ljq{L) = u}^{L), prove the assertion of the lemma. □ 



Consider the family of (71 + l)-forms given by cu^ = uj^ + t{uj — lJq), for every i e M. By lemma [5] we 
have Lul{L) C llJ^{L), and the continuity of the argument implies that there is an open neighborhood of 
the origin po = (0, 0) where, for all t satisfying <t < I and all points p in it, ujf{p) satisfies 

u;t{Lp)=J{Lp). (43) 
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By lemma El we have rt-forms 9, Oq E '^'"{L) satisfying lo ^ dO and cjq = dO^^. Therefore, 

a :~ 00 — 9 satisfies a e i^ti-^) ^^'^ da = loq — uj , (44) 

for every < t < 1 and every point in this "smaU" neighborhood of the origin where the relation ()43p 
holds. This implies that we can pick a time dependent vector field E L defined on this neighborhood 
satisfying 

^Xt^t = a ■ 

Let = $^((0,0)) be its flux beginning at the origin, which is well defined for < t < 1, in some 
open neighborhood of the origin. Then it follows that 

s=t 

= 

Therefore, is the desired coordinate transformation, since {^-^)*uj — {^f)*uJi — {^q)*ujq — uJq. 
Since Xf is in L, its flux acts as the identity in the leaves of JT. □ 



d 
ds 



d 
ds 



3.2 Maximal Isotropic Decomposable Distributions on Fibered Manifolds 

Let P be a fibered manifold over M, that is, a surjective submersion P ^ M. Denote its vertical 
distribution hy V := kerTTr. 

When = 0, we can apply theorems [2] and 2] to find "canonical coordinates" for the principal part 
of uj. Before stating this theorem, let's first fix the notation: for each < s < n 

'^ni'^iL) = {is X lis := (ii, . . . • ■ • ,Mn-s)} llri'.'.'.<j!<7V'"" (45) 

where TV' = dim(y/L) and n' = dimil/. In important applications we have n ~ n' , but in general it does 
not obey this equality. 

Corollary 1 (Canonical Coordinates) 

Let Lu e Q"^^{P) be a nondegenerate^ form on P and L an integrable maximal isotropic decomposable 
distribution such that Ul^ = 0, that is, the length of uj satisfies the relation 

e{uj) = dimL. (46) 

Let P ^ M be any fibered manifold, with vertical distribution V , and J- any foliation such that 

TP = L®TT V = L® {TT n V) . (47) 

// r2;r, the representation of the principal part of lo given by T , is closed and admits the vertical bundle 
V as an r-isotropic distribution, then, in a small neighborhood of each point of P, there are coordinates 
{pj,q^,x^) such that 

r-l 

D.]r = UJ - ujjr = ^ dp^ p A dg*" A dx^' , (48) 

^This could be changed by the regular condition of constant dimension of the kernel distribution. In this case, we should 
have €(a;) + dimkeroj = dimL . 
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where the distribution TT is given by dp = 0, V by dx = and L by dq = dx = 0. Here we are using the 
notations: loj: is the restriction of uj to T , for each < s <r — 1, 3^ is a fixed subset o/3fj(7r, L), 

dq'" := dq'^ a ... a dq'" dx'^" := dx'^^ a ... a dx^""" and d,Pi^ p dpj (j .^i (49) 

with I : U . . . U "^l^^ — > N an injection. 

Now we shall single out the right parameters to make formula turn into formula ([T|) . First of all, 
we must have 

LU e r2"+i(P) n = qYiwlM N = dim(y/L) r = 2 dimL TVn + 1. (50) 

Under these conditions, if we just assume that L is isotropic, we can show that it is decomposable 
and maximal isotropic, for the map rjjjp- takes L onto the decomposable subspace Ai^"*" of n-forms 
which vanishes whenever contracted with two vectors in V or any vector in L, arriving to the conditions 
presented in [3,4]. According to them, in this case we have: 

for n>\, L is the unique maximal isotropic decomposable distribution in V 

and, 

if n > 2 and fi^F is closed, then L is integrable. 

Moreover, applying corolary [T] with the conditions we can find coordinates {p,Pj,q^, x^) such that 
I, j = 1, . . . , TV, fj,,iy = 1, . . . ,n and formula (|48p reads 

njr = dpAd'^x +dp1 Adq' Ad'^x^ (51) 

just like the equation ([T]). If instead of JIjf, uj itself satisfies the hypothesis above, we can choose !F, at 
least locally, such that ujjr = 0, that is, flj^ = oj. 



4 Examples 

Example 1 (Decomposable Forms) 

If w € ri"'*'^(P) is a decomposable form on a manifold P, a local distribution L is maximal isotropic 
decomposable if, and only if, at each point where w 7^ 

L = ker ® io dim Lq = 1 ■ (52) 

Therefore, every decomposable form admits a local maximal isotropic decomposable distribution. This 
includes all (n + l)-forms if dimP < n + 2. For instance, densities and volume forms on P. 

Example 2 (Product of Manifolds) 

Given two manifolds Pi and P2 together with the (n + l)-forms lui and uj2 such that they admit (local) 
maximal isotropic decomposable distributions Li and L2, respectively. Then the manifold Pi x P2 with 
the {n + l)-form lui © uj2 admits the (local) maximal isotropic decomposable distribution Li ® p2- 

Example 3 (Isotropic Distribution of Maximal Dimension) 

Every distribution i on a manifold P which is isotropic with respect to uj & J7""*"^(P), that is, ^''(i) C 
A"-^"*", clearly satisfies the dimension constraint 

dim L - dim ker ui = dimcj^(L) < dim A" = ^] . (53) 
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where N + n ~ dimP — dimi. Furthermore, there is the equivalence 



^ AT I 

dimL = dimkercj+ ( ) ^ oj^L) = A" . (54) 



n 



Therefore, if L has the maximal dimension allowed to a isotropic distribution, it is maximal isotropic 
decomposable and OTl = 0. In [4, 10] it is proved that such a distribution is unique, and if it is integrable 
and Lu is closed, then there are local coordinates such that formula becomes 



= ^ dp-'Adq'- = ^ dp:,A dq''^ /\ . . . A dq'" (55) 



Example 4 (Canonical Examples) 



Here we summarize part of the work done in [3,4]. Let P — ^ M be a fibred manifold such that its 
vertical distribution V is r- isotropic with respect to w G ri"+^(P). Suppose we have a distribution L CV 
satisiying the relation 

lo\L)^A';L^. (56) 
This is equivalent to say that L is isotropic and 



r-l 



^N' 

dim L = dim ker w + > 

s=0 



n 

n — s 



where (p = ii q > p . N' = dim V/ L and n' = dim AI . Such a distribution is maximal isotropic 
decomposable with D^l = 0. Furthermore, 



and for = 0, 



L is unique in 1/ if > 2 

\n + 1 - r - 



L is involutive if ( I > 3 . 



n + 1 — r 

In this case it is possible to find a foliation J- such that ojjr = and coordinates such that formula 
becomes 



dpj A dg'" A da;^= 

?a x/iaG9^(ir,L) 



Note that the difference between this and formula (|48p is the set of indexes in which they are summed. 

Example 5 (A Maximal Isotropic Decomposable Distribution with D^l = 1) 

Let Lo be the 4-form in M^^ given by 

uo = dpi A dq^ A dx\ a dx\ + dp2 a dg^ a da;^ a dx\ + dpz a [dq^ + dg^) a dxj a dx\ 

Any of the three 3-dimensional subspaces generated by the vectors ^'s or -g^'s or ^^'s is maximal 
isotropic decomposable with O^l = 1- To see this, pick the p's subspace, that is, the one generated by 
the relation dxi = dx2 = dq = 0, and call it L. Also, denote by F the 3-isotropic subspace generated by 
dp = 0. w''(L) is spanned by the three 3-forms on F 

ai = dq^ A dxl a dxl, 02 = dq^ a dxf a dxj 03 = {dq^ + dq^) a da; J a dccj . 
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There is no basis Wp of F* = such that, if (<8|,)" is the basis of A"^'* generated by Wp,E 

#((»^rnc.^(L)) = 3. 

Therefore min®;, ((531,)" ("1 uj^{L)) ^ 4, implying DIl = 4 - dimL = 1. 
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A Simultaneously integrable Distributions 

Two distributions Li and L2 on a manifold P are simultaneous integrable if around each point p Cz P 
there are integral manifolds Mi of Li and M2 of L2 passing in p such that Mi n A/2 is an integral manifold 
of Li n L2. 

Theorem 5 Let Li and L2 be two integrable distributions such that dim(_Li H L2) is constant. Then, 
they are simultaneously integrable if, and only if, Li + L2 is integrable. 

Proof: 

We will prove just the "if" part and assume that P is a vector space with TP = Li ® L2. Let 
{v^i^ , ■ ■ ■ , Vn} ,ui, . . . , u„2 } be a commutative moving frame on P such that wj^' , . . . , vli} is a basis for 
Li, which exists by the integrability hypothesis on Li. Define functions on P such that 

ef ) =u, + wivf^ e L2 . 

Using the fact that [wj^-* , = [vj^^^ , Ui] = [uj ,Ui\~0 and L2 is involutive, we conclude that [e|^'' , ej^''] S 
Li n L2 = 0, and therefore 

[el^\ef] = and [e[^\v] G Li Vw G Li . 

In the same way, we can find a basis for Li, and therefore obtain the moving frame 
{e^^^ . . . , Cni ,e^i \ • ■ • , Sn^} with [e-"^\ e^-^^J = 0, since it must be in Li (1 L2 = 0. □ 
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